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A new analytical representation of the electric potential is obtained for the classical non-stationary
model of the global electrical circuit of the atmosphere, occupying a spherical layer, the
conductivity of which increases exponentially along the radius. The boundary conditions of the
model take into account the relationship between the values of the electric potential and current at
magnetically conjugate points of the upper boundary of the atmosphere. Using the obtained
representation, the potential distribution for a current dipole in a spherical layer is analyzed. New
asymptotic formulas for the electric potential of a current dipole at #—o0 at each point of the
spherical layer are obtained. An analytical expression for the Green's function of the corresponding
initial-boundary value problem is found.
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1. INTRODUCTION

In the theory of atmospheric electricity, several mathematical models of the global electric circuit
(GEC) have been proposed based on the study of the distribution of electric field potential induced
by third-party currents modeling the separation currents in a thunderstorm cloud. Most of the
mathematical models are reduced to finding the electric field potential from a boundary value
problem (in the stationary case) or an initial-boundary value problem (in the non-stationary case)
for a differential equation in some domain. In these problems, 1) the domain in which the problem
is solved, 2) the function modeling the atmospheric conductivity, 3) the right-hand side of the
equation modeling lightning generators, and 4) the boundary conditions may vary. The main results
of the HEC theory and the literature review can be found in [Mareev, 2010; Mareev et al., 2019;
Morozov, 2011].

In this paper, we consider a nonstationary classical HEC model for the atmosphere occupying

a globular layer, where relations relating the values of electric potential and current at magnetically



conjugate points are used as boundary conditions at the upper boundary of the atmosphere. Such
boundary conditions for the stationary problem were used in [Hays and Roble, 1979; Ogawa, 1985].
The issues of mathematical correctness of problem formulations in both the stationary and

nonstationary cases with such boundary conditions are discussed in [Kalinin and Slyunyaev, 2017].

A similar nonstationary problem with a simpler boundary condition was considered in [Morozov,
2005]. The main reason for using a simple boundary condition was the statement that in the lower

atmosphere the upper boundary condition does not influence the solution.

In [Denisova and Kalinin, 2018], an attempt was made to compare analytical solutions of two
corresponding stationary problems with different conditions at the upper boundary of the
atmosphere. The paper shows that if the upper boundary of the globular layer is at a height greater
than90KM, then there is indeed a part of the globular layer containing current generators in which

the values of the solutions of the two different boundary value problems are close. However, in the
part of the globular layer located above the generators, these solutions are different. If the upper
boundary of the ball layer is at a height lower than7 OKM, the solutions of the problems are different
in the whole ball layer, and especially in magnetically conjugate points at all heights. Since the
solutions of the problems with different boundary conditions in the region above the current
generators are different at any thickness of the globular layer, the study of the electric field
distribution in the problem with boundary conditions [Hays and Roble, 1979] at the upper boundary

of the atmosphere taking into account magnetically conjugate points is of interest.

The aim of the present work is the analytical solution of the initial boundary value problem for the
potential in the atmosphere, the electric conductivity of which is exponentially increasing, with
boundary conditions [Hays and Roble, 1979] at the upper boundary of the balloon layer. Finding the
Green's function of the corresponding initial boundary value problem. Investigation of the current

dipole potential distribution and derivation of asymptotic formulas at #.—o0
2. PROBLEM STATEMENT. NUMERICAL STUDY

The electric potential® (7, 8, @, t) of the atmosphere occupying the globular layerry < 1 < 1y

, when the vertical current is switched on at the initial moment, satisfies Eq:
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The paper further assumes that the electrical conductivity of the atmosphered depends only on the

radius and increases exponentially with radius

a(r) = gpexp (r ;ITO),

0 —electric conductivity near the spherical Earth surface; » - distance from the Earth center;r( -
Earth radius (the following values were used in numerical calculations:rg = 6370kM, H =
6KM; BBICOTaMarHUTOCHEPbI Ny = Ty — T'o, hyy = 100kM); j - density of third-party

electric currents created by lightning generators;T", O - spherical coordinates.

We will consider a single third-party current source with the number s. In the case of several
current sources, the formulas below should be summarized by the variable s. Let us write the third-

party radial electric current density in the form [Denisova and Kalinin, 2018]
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wherer g1 UT'gq are the radial distances corresponding to the positive and negative charges of the

lightning generator, withrgg < 7'51; I50(t) being the current strength. The function (1) denotes
1
the Heaviside function. The function% 6 N (8,6, ¢, ;) contains an additional parameterN

and has the form:
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3here is the designation

cosy = cosBcosbs + sinBsinb cos(p — @),

YS,%(Q, ®), Y,%g(@, @) — real spherical functions; P, (c0SY) — Lejandre polynomials, the norms
of spherical functions from the first and second families coincide, so the upper index in writing

down the norms“ Yok “ is absent.

IfNg = oo , then the series standing in the right part of formula (6) is a decomposition of the

1
Dirac delta function— (0 — 05)6(p — @s) into a series of spherical functions, which

corresponds to the use in problem (1)— (5) of point charges to describe a dipole current source.

Theny is the angle between the radial ray of the observation point and the dipole axis.

IfNg takes a finite value, the sum (6) is a partial sum of the series. Graphs of function (6) are
given in [Denisova and Kalinin, 2018]. This function has a maximum at the point ,0 = 8,9 = @,
, is different from zero at alld¥¢ and is sign-variable, which makes its physical interpretation

difficult. The solution of the problem obtained in Appendix 1 of this paper, as well as the

asymptotic formulas of Appendix 2, are valid at any value of N including at. N = oo

To solve problem (1)— (5) we used the Laplace transform on the time variable [Lavrentiev and

Shabat, 1973], applying which we arrive at the boundary value problem for Eq:
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with boundary conditions similar to (2)— (4). Through®, j ¥t denote the function images®

. 2
andj**" . In the ball layerrg < 7 < ' , if|p| < ":0”’ , the moduli of the coefficients of Eq. (7)
differ little from the moduli of the coefficients of Eq:
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Therefore, the original solution of the boundary value problem for equation (8) with boundary

conditions similar to (2)— (4) can be usedt > to investigate the electric potential

2Tog1),
distribution . (7,8, @, t)
Among equations (8), we can distinguish the equation corresponding to a stationary dipole

oscillator in which the current strength does not change with timel 3o (t) = I5o9(t) , butl ;o (p) =
I50/p . In the case of a nonstationary current of the forml 5o (t) = I5of (t), f(0) = 0 in the right-

1
hand side of equation (8), we need to replace; by the functionf (p) . The solutions of boundary
value problems for these equations differ only by a multiplier and the knowledge of the original for

the function® allows us to write down the solution of the problem with unsteady current as a

convolution of functions F andf (t) . In the simplest cases of choosing the type of functionf (t) ,

the solution of the problem with unsteady current has a simple form. Let us give some examples.

1. The source stops acting at timet = T , modeled by using the functionf (®) =9() —

J(t — T) . Then the solution of the problem with an unsteady source (denoted by® (wecrau)

) is written in the form:

dUeT 1y = P(t) — Dt — THYI(E —T). 9)

2. For an instantaneous current source:

f©) =T8(t - T). 2™ty =722y — 1), (10)
3. Iff(t) =1 —e T then precran) _ %fgcb (t') exp <— “%)dt. (11)

These formulas are valid at any fixed point(7, 8, @) , so the dependence of functions on spatial

variables is omitted in the formulas. In all given examples, the solution of the problem for a dipole
generator with a nonstationary current is expressed through the solution of the problem with a

stationary current.

In this paper, the solution of the boundary value problem for equation (8) with stationary
current is found analytically. This allows in the case of a nonstationary current of the form 1— 3 to
also write down an analytical solution by substituting the solution with stationary current into
formulas (9), (10), (11) in accordance with the physics of the problem. Moreover, the analytical
expression of the Green's function of the boundary value problem for equation (8) is obtained in
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appendix 1. Then, using formula (10), one can write down a solution that differs from the Green's
function of the corresponding initial boundary value problem only by a numerical multiplier.
Knowledge of the Green's function allows us to represent the solutions of initial boundary value
problems for a wide class of unsteady right-hand sides of the equation as a convolution with the

Green's function.

The following notations are used in this article: height /A = r — 140y, = 0(13,), 050 =

__Is0H

= _ Qs (0o o
0(Ts50), 951 = 0(s1), Qs = g’ Voo,s = 4n;o (U_s(z)_ 0_501>'

The detailed analytical solution of the boundary value problem for equation (8) with stationary
current and finding the original is given in Appendix 1. To solve the problem, the method of
decomposition of the solution by spherical functions is applied; the coefficients of the
decomposition depending on the radial variable are expressed through hypergeometric functions.
The function (10), in the right part of which the solution (P1.27) found in Appendix 1 withNg = oo
is substituted, differs from the Green's function only by a multiplier. The Green's function is a
generalized function, and in the paper we found its representation in the form of a superposition of

two series by Lejandre polynomials.

The stationary model of the current dipole is one of the simplest models of the right-hand side of
the equation, for which convergent series in the globular layer are obtained. Formulas (P1.34)—

(P1.36) determine the distribution of the electric potential (7, 8, ¢, t) in the whole globular

H
2mogry

layerrg < r < r,, at allt > Oynkuuad(r, 6, ¢, t) depends on a large number of

parameters:H, 1y, O, @5, hsog = T5o — 7o, hs1 = Ts1 — 7o, A = Ty — 7o, N . In the paper we will
assume that hgog = 5kM, hg1 = 10kM, hy,, = 100kM and evaluate the influence on the potential of

only the parameter Nj.

1.IfNg = oo , formulas (P1.34)— (P1.36), defining the solution of the boundary value problem,

are functional series, which converge in the whole globular layer, except for the points of location

of charges, but converge non-uniformly and very slowly. Fig. 1 shows a graph of the stationary
part of this solution, normalized to the ionospheric potential, depending on the height ofh on the
radial beam of the location of charges. To construct the graph, the solution was calculated at several
points of the intervals (0, 4.5], [5.5, 9.5], [10.5, 20) of the axish and linear interpolation was used.

In this case, to find the sum of the series to the accuracy of the first two significant digits we have to

use partial sums of the series with .Ng = 30000

Figure 1.



Numerical investigation of the solution in the nonstationary case, atNg = 00 by formulas
(P1.34)— (P1.35) requires a long calculation and in the paper is carried out only in the upper part of
the ball layer at large values oft . In appendix 2, att — oo for the potential® (7, 8, @, t) , the

asymptotic formula (P2.1), valid at any value of N . is obtained. Formula (P2.1) contains only the

summation operation and atlNg = 00 determines the asymptotics of the potential at any point of the

@ler)

globular layer, except for the charge locations. Fig. 2 shows the plots of the stationary solution:
©0,S

(dashed line) and the function on the right side of the asymptotic formula (P2.1), also normalized
toV,, s depending on the variablef at timet’ = 4mwo,t = 2 at fixedhug. To find the sum of the series

to the nearest tenth, it is sufficient to use .Ny = 1000

The left graph corresponds toh = 70KM , the right— to the upper boundary of the globular layer
.h = 100kmM

Figure 2.

The right graphs of Fig. 2 are symmetric with respect to the lined = 1t/2 , which corresponds to

condition (2); the maximum values of the functions presented in the figure are equal to 1.37 and

1.45, respectively. Numerical calculations show an insignificant decrease of the potential value in
comparison with the ionospheric one at the geomagnetic poles. Att — 00 in the vicinity of the
points (hy, Os, @ ) and (R, T — B, ¢ ) ) the nonstationary solution tends to the stationary one

from above, and in the vicinity of the points ( hy, 0,9 )U(hy, T, @)~ from below.

The problem of nonuniform convergence of series (P1.34), first of all, is connected with the

pointness of charges of the considered current dipole.

3. Atany given finite value of Ng the formulas (P1.34— P1.36) contain only finite sums, which

considerably reduces the duration of calculations and excludes discontinuities in the points of
charge locations. Moreover, these are not just partial sums of the solution for a current dipole
with point charges, but also the solution of the initial boundary value problem with a special

right-hand side. Therefore, the graphs given in this paragraph give a qualitative picture of the

potential change with time.
Fig. 3
Figure 4.

In the unsteady case, all calculations have been performed forNg = 20. In Fig. 3 and Fig. 4,

the dashed lines show the graph of the stationary solution of the problem and the graphs of the

7



nonstationary solution of the problem (1)— (5), normalized to the ionospheric potential, as a
function of the heighth on the radial beam of the location of charges at different moments of time in

the lower atmosphere. The plots show a monotonic change of the function® /V,, ¢ with time in the
neighborhood ofh = 5KM , and non-monotonic in the neighborhood ofh = 10KM . Already
fort = 4mo ot =1 the solution® /V,, ¢ differs little from the stationary one®” [V o, , with

the largest differences in the vicinity of the pointh = 5KM .

4. APPENDIX 1. SOLUTION OF THE INITIAL BOUNDARY VALUE
PROBLEM

In the appendix, the solution of the boundary value problem for Eq:

1 —A ) — =
( T 4n0) dr? + 1 6.pPs0 |+ H Or
= (6,6,0,008(r — 1) (1.1
opHsin® 578 s s

ISrOZH ). The solution of the boundary value
0

with boundary conditions similar to (2)— (4) (@, =

problem for equation (8) is written in the form:

(D == CDSO - chl' (HlZ)

IfN; = oo, the solution of equation (P1.1) with conditions (2)— (4) differs from the Green's

function only by a multiplier.

In equation (P1.1) and boundary conditions similar to (2)— (4), let us substitute variables:

T—TO)

o= aoexp( T

U = cos6

and formulate the boundary value problem in the domain :0y < 0 < o,

9°® (870 + p) 0Dy . H '
2 s0 s0 4, 7 —
7 502 to (4no +p) do T 3 ByupPso
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4o
- MT_:}))S(O' - 0-50)51\]5 (I’l’ !uS’ (p' (ps)r (HIB)

cDSO (O-m; ,uJ (P; p) = chO (O-m; _Ii; (P; p); (H14)

acI)SO (O'm, uw e, p) _ _ aCDSO (O'm, —uQ, p)
oo oo ’

(111.5)

cDSO(O-OJ U, P, p) = 0. (H16)

Here. 0y = 0(T'), U, = €0SO;.

The solution of the problem is represented as a series of spherical functions

- - [e's) n - -
1 2
cDSO = Ago (o, p)+ 2 Z <Ank(0-' p)Y;,I)c(.ui )+ Bnk(o-' p) Y;S,lz(ll; (P)> (H1'7)
n=1k=0
The function represented by the series (P1.7) is a solution of equation (P1.3) if the coefficients

ofA,,; (g, p) satisfy the inhomogeneous equation:

,0° A | (8o +p)dAy,  n(n+ 1H
o o
do? (4mo +p) Odo %

Ak =

1
_ 4mto Qs erk) (Us, Ps)
p(4mo +p) ||Vl

6(0 —05),0 <n <N, (I11.8)

for0 < n < N and the corresponding homogeneous equation ifn > Ng. From condition (P1.6)

follows the condition

A;lk(O'(),p) = 0. (ng)

The conditions (P1.4— P1.5), which take into account the coupling of electric fields in

magnetically conjugate points at the upper boundary of the atmosphere, correspond to the

conditions (P1.4 P1.5):

A, (0m,p) = 0,eciun + k = an odd number, (I11.10)



0A
do

(0m,p) = 0,ecniun + k = an even number. (1M1.11)

Similar boundary value problems are obtained for the functionsB,,; (g, p) , only in the right part
of equation (P1.8) there will be a spherical function with upper index 2. Forn > N , due to the

homogeneity of the equation and homogeneity of the boundary conditions, all coefficients

ofA,;(d,p) andB,,; (0, p) are equal to zero.

If] |4:;G| < 1, the homogeneous equation corresponding to (P1.8) has two linearly independent

solutions, which are expressed through hypergeometric functions [Gradstein and Ryzhik, 1963]:

- (1,0pH) . % .
Ank (o,p) = (— %) F (an; ,Bn; an + ,Bn; - %);
- (2,01H) . % »
A (op) = (— %) F(1 —an1—B,2—an— B, —m). (111.12)

Here.
an=%<1+§n—@>,ﬁn=%<1+§n+ fi—1>, (11.12a)

2
whereé n= \/ 1+ M . In finding the solution of the inhomogeneous equation (P1.8) with
0

conditions (P1.9-P1.11), we can use the last formula of paragraph 24.2 of the reference [Kamke,
1976] and then the properties of the delta function. The formula is obtained by the method of
variation of arbitrary constants and contains the vronskian of solutions of the homogeneous
equation. To compute the vronskian of functions (P1.12), derivatives from hypergeometric
functions are used. To shorten the notes of the hypergeometric functions used in this paper, we

introduce the notations:
FP o) = Flan, B,, an + B, %),
F%z)(x) =Fl—-an1-p,2—an—B,,x),
FP ) =Flan+ 1,8, + 1,an+ B, +1,%),
FP ) = F2—an2—-B,3—an—fF,,X).

10



Functions numbered 3, 4 appear when differentiatingF’ ,(11), F ,(12) on the independent variable .x

Depending on what is the numbern 4 k . even or odd, for solutions of boundary value problems

(P1.8) — (P1.11) we obtain:

1 -
Y‘E’lk) (I"ls’ (ps) 5

2
1Y el

1
Yglk) (I’ls’ q)s)
2
U Y

Ank(o-» p) =

~
~

The functionR (0, 050, P) is written using the formulas

~

Ry(0,05,p) =

( Qs < o )%n I;” (_ 47;;50 a 47Tpam) I (_ 47?00 a 4720)

Ry (0,p),ecniun + k — an even number

.(I11.13)

Ry (0,p),eciun + k — an odd number

~

W (_ 47?00 a 47Tpam)

~

Qs (O'SO)% I;” (_ 47Z;G’ B 47Tpam) I (_ 47?00 a 47;;50)

Y (_ 47?00 a 47Tp0'm)

where

£,
InCep,x0) = (22) " FP o) FP e — FO e FP ),
X1

~ & ~(1) ~(2)
Vol x) = (22) " b, eppFP ey + FPoepd, o).
X1 n

Here.

~(2) -1
b, )= 0L p@

(€))
| T+ n®

~(D

b, 0 =FP)+ F& 0.

X
(1+¢,)

11

,O'0<O'<O'SO

(I11.15)

(T11.16)

(M1.17)

(111.18)

,(MM1.14



~

For the functionRy (0, 05, P) we obtain an expression similar to (P1.14— P1.16), only in these

formulas two waves should be put over the functions having one wave in the notations, and it
~ (2) ~ D)
should be taken into account that the formulas defining the functions(l)n ), (l)n (x) , are

different:

~(2) ~(1)
b, 0 =-FPw,d, 0=Fw. (111.19)

The coefficientB,,;, (0, p) is of the form (P1.13), only a spherical function with upper index 2 is

used as a multiplier in front ofR,,(a, p) .

Since the function (P1.14) is symmetric with respect to the variableso, 0y , it is convenient to

~

introduce the parameterd g into the arguments of the functions®q, A, ) Bk, Rny Ry and to use

notations in which the order of these variables is important, for example,

| D(0,04, 1, @,p),ecninoy <o <oy
dy={":

D(og9,0,U,@,p),ecnuogy < o< 0oy

and consider only the cased ) < 0 < O . If in the solution found foroy < 0 < 04, we replace
the first argumentCHa 05 UBTOPOHMAPTYMEHToHAO , we obtain a solution in the domain

O <0< 0y

After substitutingA,,;. (0, 050, ), By (0, 050, p) into the series (P1.7), the inner sum overk , at

each fixedn, , let us split it into two sums depending on the numbern + k , even or odd [Denisova

and Kalinin, 2018]. Then, using the addition theorem of the connected Lejandre functions, we will

have

~

2n+1
g{ Ry(0,050,p) + Rn(G 050,P) | Pn(cosy) +

®= AOO(U 050,P) + Z

12



~

+| R, (0,059, p) — Ry (0,050,p) | B,(cosy;)}. (111.20)

Here.

cosyy = —ppts + /1 — u?\/1 — uZcos(o — ;)

wherey; is the angle between the radial ray directed to the observation point and the radial ray

containing the points conjugate to the dipole charge locations.

Figure 5.

To find the inverse Laplace transform of the function®(a, 04, U, @, P) we need to find the

~

inverse transform of the functionsA (0, 059, D), Rn (0,00, 0), Rn(0, 00, D) . Let us first

p
410,

consider the functionR,,(a, 0 g, P). This function is defined by formula (P1.14) if] | <1, and

can be continued to the complex planep = p’ + ip”, since all hypergeometric functions included
in formula (P1.14) can be continued to the complex plane. Given the special points of these

hypergeometric functions, we will use the closed contour C in the complex planep = p’ + ip”,

shown in Fig. 5. The contour circumscribes the special points of the functionRy, (T, 0o, ). These

points are located on the negative part of the real axisp’ and have

coordinates: —4T10,,, —4T 0y, —410, —41 0| . Inside the contour C, the integrand has a first-

order pole atp = 0 , therefore

1 ~ ~
77 | RBnl(0,050,p)exp (pt)dp = res Ry (0, 050, p)exp (pt) |.(111.21)
c =
~ (cTan))
Let us denote this deduction byR, (0,040) . Given that the hypergeometric functions atp =

0 are equal to 1, we obtain

13



é(CTaH))(O_ o) = Q, ( o )%n <(g_jr(l))5" + g: ; 1) <(%)E” _ 1)
n P T G v (" +257)

For the continuation of the hypergeometric functionsF ,(QL) (2) over the exterior of the unit circle of

.(111.22)

the complex plane z with a cut along the real axis from 1 toco we used the formula [ Gradshtein and

Ryzhik, 1963, f. 9.132(2)]. According to this formula, the functionR,, (0, 0, ) on the upper and
lower banks of the section along the negative part of the real axis takes complex-conjugate values.

The contour of Fig. 5 is constructed taking into account the complex arguments of the

hypergeometric functions definingR, (g, g, p) . Setting the radius of the large circle in formula

(P1.21) tooo , and the radii of the small semicircles to zero, we obtain

~ ~(cTan)) 1 —4nay ~
Rn(U; 0-50; t) = Rn (0-; O-SO) - E J ImRn(O-; O-SOJ p) exp(p’t) dp’ . (H123)
—4no,

Since the formulas for the continuation of hypergeometric functionsF ,(11) 2),F ,(12) (Z) beyond the

unit circle [Gradstein and Ryzhik, 1963, f. 9.132(2)] were used to findImR,, on the upper bank of

the section at—41mao,, < p’ < —41m0o, , two more hypergeometric functions appear:
FO 0 = Flan 1—B,,1+ an—
n (x) - (an; ﬁn; an ﬁn; x);

FO0) =F(1—anB,,1—a,+B,,%).

In the integral we replace the variable of integration: = — #, select the constant multiplier
0

from the functionlmR,, (0, 05y, —4m0yN) and introduce a new function

~ 0 =
ImRy, (0-; 050, _47T0077) = - E Cp (0-; 050, 77)~

As a result, let us rewrite the functionR, (g, 04, t) in the form

14



O-m/O'O
~ ~ (cran))

R, (0,04,t) =R, (0,040) + J Cn(a 050, exp(—4magtn)dn. (111.24)

Considering the special points of the functionRy,, , we divide the integration interval(l, Um/ 0-0)
in formula (P1.24) into three parts, in each of which we obtain a different analytical expression for

the functionC,, (0, 04, 7n) . We will use the following notations:

~(1)
Ch ,ne(1,0/00)
Cn(o,050,1) =+ 2'7(12),,7 € (0/00,050/0 ) , (IT1.25)
~(3)
\Cn 1€ (USO/UO’Um/Uo)
where
1 (&)f"ﬂnsn-uz (5)Vu (20, 22n) v, (220, 220)
~ T n n\g Vo, "oy T,
Ci)(a,aso;n)= 2950 NTI . 0
Vi (0 22)|
<ﬁ>sn+1L (1),\4 (1 L)f/ (2o @,,)ﬁ, (Sop)
51(12)(0,050,77) =~ %0 AT oo USO Im om
2|7 (. 22m)|
GO Sntl ag o ~2 a
o2 000 = L) Moo Mol Wl
nSnt3|V(n,20n) )|
Here.

1 x1\ ™ (3) (4) X1 P 3 (4
My (x1,%2) = 57— <—> Fr(xpFy (xz)—<—> Fr2 Qo) Fy”(xq) |,
ﬁn an \ \X2 X2

T T(2- an)l'(B,) " F(a)T(2—-p,)

~(D ~ (2)

» _ F(3_an_ﬁn) F(“n"‘ﬁ )
W) = sra=aniia2py <" Pn O+ Fgirghy Pn ¢

xBaF$D (),
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(12) 1 g,

The functionR,, (0, 04, t) is represented by the formula similar to (P1.24), only all letters with
~ (cTa))

one wave should be replaced by letters with two waves. In this case, the functionR, has the

form:

~(eran) (@) 1)@ ) -1
- I (a,aso)zgn\/%(aio)z < o <(go)>gn<_01> >

.(T11.26)

To find the coefficientA (T, T4p, P) no special functions are required and returning to the

original we obtain

Q<1 1>+ Qs ("/o0 1

—4moyt
— —e odn.cpy<o<o
4\o oy 4oy )1 7]2 190 s0

Ago(o,04,t) =

Considering (P1.24), after regrouping the summands, we write the solution (P1.20) in the form

o
oy
(crar) Qs 1 —4Toyt
CD(O-r Os0, U, P, t) =0 B (O-r Os0, U, —26 0 nd’? +
4oy ) 1

1

Ny

+ Z(Zn + 1) (B, (cosy) B, (0,05, ) + By (cosy,) Dy (0, 059, £)). (111.27)
n=1

Here.

1 2n +1
CD(CTau) (0,050, b, P) = 4Q7T <0' o > 2 ( ) {R(CTau) (0,050)Pn(cosy) +

+T, ™™ (0, 050) P (cosy; )} (I11.28)

~ (cTalLy) ~(craw)

RE™(g,0,0) =={Rn  (0,05)+Rn (0,04) " (111.29)

2

16



1 | ~(craw ~(craw

T (0,00) =5{Rn  (5,050) = Rn  (0,050)  (I11.30)
- Q " :
Bal(0,050,1) = grre= Cn(0,050,m) + Cn(0,050,1) { (11.31)

~

Q ~ ~
Dn(0,050,1) = 8ﬂ—;0 Cn(o,050,1) — Cn(0,040,m) ¢ (111.32)
Om
0o _

By (o, aso,t)=J B (0,04,n)e~*™0tdn(111.33)
1

Om
0o _

Dyn(0,04,t) =J D, (0,04,1n)e~ 40t dn. (111.34)
1

All functions (P1.27)— (P1.33) are written for the caseog < 0 < 0. lfogg < 0 < 04y, in the

right part of formulas (P1.27)— (P1.33) should be interchanged .01 0,

IfNg = oo , equation (P1.1) differs from the equation for the Green's function only by a
multiplier. Therefore, substituting the solution of (P1.27) into formula (10), we obtain, with
multiplier accuracy, the Green's function of the initial boundary value problem for the equation

corresponding to (8).

Below we write down the solution of the problem for a stationary current dipole. Replacing in

formulas (P1.27)— (P1.34)04y byogq , according to formula (P1.2) we obtain:

D0, 1,9, 0) = (0,050, 1, ) — P (0,041, 1, 0) +

N

Z (2n + 1) {P,(cosy)(Bn(0, 050, t) — By(0,041, 1)) +

n=1
+P,(cosy1)(Dy (0,050, t) — Dy (0, 051, t) }(111.34)

in the fieldoy < o0 < 0y .
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In theogg < 0 < 04 region, the time contribution is also given by the summand corresponding

ton =0,
g
0o
D (o t) = CD(CTaH)(O_ o ) — cD(CTau)(O_ o ) — Qs J le—‘lﬂgotnd +
s(O, U, @, s, 0, 1, P yOst, L @ 477.'0'0 o 772 n
a0
N
+ 2n+1) {Pn(COS)/)(Bn(O'So, 0,t) — By(0, 041, t)) +
n=1

+B,(cosy,)(Dy (05,0, t) — Dy (0,061, £))}. (111.35)

In the areao g1 < 0 < 0y, we get

00_501
(cTaw) (cTaw) Qs | —
Do, u, 0, 8) = D" (as0,0, U, @) — P (051,00, 4, P) — 4oy Fe ofdn +
Ga_s(;)
N
+ 2n+1) {Pn(COS)/)(Bn(O'So, 0,t) — Bp(041,0, t)) +
n=1

+B,(cosy,)(Dy (050, 0, t) — Dy (0sy, 0, £))}. (111.36)

5. APPENDIX 2. ASYMPTOTICS OF THE SOLUTION OF THE PROBLEM
ATt - oo

Asymptotic formulas att — ©o for solutions (P1.34— P1.36) can be found using the Laplace

method. The determining role here is played by the behavior of integrals' integrand functions

~(1)
(P1.32, P1.33) in the neighborhood of the point) = 1 . Since the functionC;,, (0,04,1) is

symmetric on the variablesOU 0y , the main asymptotic term in all formulas (P1.34, P1.35, P1.36)
is the same, and the asymptotic formula has the form:

exp(—4maoyt)

Os(o,1,0,8) = O™V (0, 1, @) +
§ § 4moy tin® (4mtoyt)

fs(a,u, @), 4ot > 1,t = oo, (112.1)

Here.
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fs(o-; U, (P) = f(O', Os0, U, (P) - f(O', Os1, U, (P)

N
f(o,050, 1L, @) = 450_0 Z:l(zn + D{a, (0, 050)P, (cosy) + by (a,059) B, (cosy;)}

1/~ =
an(a, O-SO) = §<an(0', O-SO) + an(a, GsO))

1/~ =
bn(O', O-SO) = §<an(0', O-SO) - an(a, GsO))

~

(2 )f”“f,n(@ %0y, (g0, %0)

- 00 0’0 00’0
n(0,0g) = Y250 —— " 0 ™M (112.2)
0
Wa(ge)

Note that the asymptotic formula for the spherical mean from the potential is not obtained
from formula (P2.1). This is due to the fact that formulas (P1.35)— (P1.36) contain an integral
independent off and¢ . It is this integral that determines the asymptotic formula for the spherical

mean potential. For example, in the region h¢; < h < hyy,

2T

1 exp(—4mogt
yoe f f Ds5infdOde ~ Vi s — Qs exp(=4mog ),t > . (112.3)
00

4oy 4mroget

The time multiplier of formula (P2.1) depends ong , and of formula (P2.3) ono g . The
spherical mean approaches att — 00 toV o ¢ from below. Numerical calculations using formula

(P2.1) (see Fig. 2) show that at the upper boundary of the atmosphere in the vicinity of the points

(B5,¢, ) and (T — 0, @5) ) the potential®D; tends toCDgTau) from above, and in the vicinity of

the points (0, ) , and (7T, ¢5) — CHU3Y.

The results obtained in this paper can be used in modeling the global electric circuit taking into

account the influence of the magnetosphere on the electric field distribution in the atmosphere.

6. KEY FINDINGS

1. In this paper, an analytical solution of the nonstationary problem for the electric field

potential of a current dipole in the atmosphere occupying a globular layer, the conductivity of
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which increases exponentially along the radius, with boundary conditions that take into
account the coupling of the electric potential and current at magnetically conjugate points of
the upper boundary of the globular layer is found. The analytical solution is represented by
formulas (P1.34)— (P1.36) for a stationary current dipole and (9)— (11) for the simplest
cases of unsteady current.

2. An analytical expression for the Green's function of the initial boundary value problem, for

the equation corresponding to equation (8), is obtained. (Formulas (10), (P1.27)).

3. Numerical analysis of the electric field potential change with time for the model right parts of

the equation (N3 = 20) on the radial ray of the location of charges in the lower atmosphere
is carried out. The monotonic tendency of the electric field potential with time att — ©0 to

the stationary potential in the vicinity of the negative charge of the thunderstorm cloud and

non-monotonic in the vicinity of the positive charge is shown.

4. Asymptotic formulas (P2.1)— (P2.2) for the electric potential of the current dipole att — oo,

taking into account the dependence on spatial coordinates, are obtained. The variation of the

electric field potential with time in the upper part of the globular layer has been analyzed for
the current dipole(Ng = ©0) . It is shown that on the axis of the current dipole location at

the upper boundary of the atmosphere the electric field potential decreases with time, while at

the geomagnetic poles it increases.

5. In the study of more complex model problems with a distributed current source, the results
obtained in the paper may be useful, since they allow us to write down an analytical solution
for a wide class of right-hand sides of equation (8) in the form of convolution with the

Green's function.
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Figure captions

Figure 1. Graph of the function® (em) /V s as a function of height 4. Here .h,, = 100kM, 6 =
Os, ¢ = @
Fig. 2. Graphs of the function® (en) /V w5 (dashed line) and the function® / Voo, s of the formula

(P2.1) as a function of the angle® at a fixed instant of timet = 470 ot =2 atfixed h, ¢ = @

05 = % . The left graph corresponds to h = 70kM, mpaBbiith = 100kM.

Figure 3. Graphs of the functionsCD/Voo,SI/ICD(CT)/VOO,S (lTprUXOBasiIMHUA) at a fixed

moment of timet = 470 ot = 0.05 (left) andt = 410 ot = 0.1 (right) as a function of height 4.

Figure 4. Plots of the functions®/V, s and® (en) /V s (dashed line) at fixed timet = 470 ot =

0.5 (left) andt = 410 ot = 1 (right) as a function of height 4.

Figure 5. Integration contour for finding the original function Ry, (0, 0, D).
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