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We performed a Fourier and wavelet analysis of solar activity in the range between the period of the
Hoyle magnetic cycle (~22 years) and the Gleisberg cycle (50-120 years) in 1000-1900. Two
reconstructions of the number of sunspots from indirect data were used based on: a) the number of
low-latitude auroras and b) the concentration of 14C in tree rings. Our analysis showed that in the
spectra of both reconstructions, there is a pronounced stable variation with a period of ~30-40 years,
which is present even during grand minimums/maxima. The source of this variation is the frequency
modulation by the Suess cycle with a period of ~200 years, resulting in a three-frequency structure
with carrier oscillation with a period of ~35 years and sideband periods of ~30 and ~40 years. Some
difference in the obtained spectra of the two reconstructions may be due to the different contribution

of closed and open magnetic fields in the restoration of solar activity from different indirect data.
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1. INTRODUCTION
Dark areas on the solar disk — sunspots — are the most spectacular and easily observed aspect
of solar activity (SA). Systematic registration of spots began in 1610 when the telescope was
invented. The numerical expression of the number and structure of spots in a certain time interval
can serve as an indirect measure of SA. The most commonly used numerical index of SA is the
Wolf number W or its corrected version SN. W is a combination of the number of spot groups and
the number of individual spots, taking into account the correction associated with bringing

observations of different observers to a unified system.



Number of sunspots SN from telescopic observations is known more or less reliably only for
the last 400 years. Longer series of SN can be obtained using indirect data recorded in one way or
another on Earth in historical epochs. These include, for example, information about the appearance
of auroras, records of which in historical documents date back to the 5th century BCE [Schove,
1962; Keimatsu, 1968; Eddy, 1980; Silverman, 1992; Siscoe, 1980; Nagovitsyn, 2001; Feynman and
Ruzmaikin, 2014]. In addition, data on cosmogenic isotopes preserved in Earth's natural archives are
widely used, such as the concentration of radiocarbon in tree rings or the content of nitrates in polar
ice [Muscheler et al., 2006; Usoskin et al., 2007; Travers et al., 2012; Nagovitsyn, 2014; Usoskin,
2017; Brehm et al., 2021; Kudsk et al., 2022].

SA is subject to quasi-periodic oscillations, the most famous and stable of which is the 11-year
Schwabe cycle. In addition, the 22-year Hale cycle, the ~100-year Gleissberg cycle, and the ~200-
year Suess cycle have been widely studied. The range of periods between the Hale cycle and the
Gleissberg cycle is less researched. Interest in this range of SA variations is connected with the
known 35-year Briickner climate cycle, established back in the 19th century. Since that time,
repeated attempts have been made to associate it with a possible similar cycle in the number of
sunspots SN . Briickner himself Briickner, 1890 ] could not detect a 35-year variation in Wolf
numbers. Later studies have also shown that cycles with a duration of ~30-40 years do not manifest
themselves in sunspot formation indices [ Vitinsky et al., 1986]. In works of recent decades,
variations with periods of 31.1, 38.6, and 47 years have been found in solar and geomagnetic data
[Kane, 1999; Echer et al., 2004; Singh and Badruddin, 2014]. The authors of works [Raspopov et
al., 2000; Echer et al., 2004] believe that the 31-year period in the spectra of SN is possibly a solar
source of the 35-year Briickner cycle. The results of the work [Kane, 1999] indicate that the spectral
characteristics of SA for earlier time intervals (before 1914) and later ones differ significantly. In
particular, the author of the work [Kane, 1999] in the spectra of W for 1914-1996 identified the most
significant peaks corresponding to periods of 5.3, 8.3, 10.5, 12.2, and 47 years. For earlier time
intervals (1748-1827, 1828-1913), more or less significant peaks in the range of periods 7' ~30-40
years were not found.

Recently, some indications of the existence of a 40-year variation in certain characteristics of
SA have been obtained. The presence of a cycle with a 36-year period was found when studying
experimental data series on the frequency of magnetic storms [Veretenenko et al., 2020] using
several short samples from the 19th and 20th centuries. Analysis of spectroheliograms from Mt.
Wilson Observatory in the 20th century (1910-1976) showed that a 40-year variation was observed
in solar rotation during this time [Bertello et al., 2020]. However, the authors [Bertello et al., 2020]



raise the question about the reality of such quasi-periodicity due to limitations of the method they
used.

This work is a continuation of our research [Ptitsyna and Demina, 2024], in which the
presence of a 30-40-year variation during certain time intervals was discovered in the series of SN
reconstructed from auroras over 700 years. The purpose of this work is to study in more detail the
variability of SA on a 900-year time scale in the period range of 25-50 years, which lies between the
periods of the Hale and Gleissberg cycles. In addition, our task was also to search for a possible
cause that could determine the presence of a 30-40-year cycle and variations in its amplitude and/or
frequency. An important feature of our research is the use of two reconstructions of the sunspot
number SN, obtained by fundamentally different methods: reconstructed based on data on historical
auroras in 1000-1700 [Ptitsyna and Demina, 2020] and data on the production of the cosmogenic
isotope “C in annual tree rings in 1000-1900 [Usoskin et al., 2021].

2. DATA AND METHODS

In this work, we analyze two reconstructed SA series SN ,and SN ., obtained from two
fundamentally different sources of indirect information.

Series SN ,covers a period of 700 years from 1000 to 1700 [Ptitsyna and Demina, 2020]. This
reconstruction is based on observations of auroras in Europe, as well as in the European and Asian
parts of Russia at middle and low latitudes (geomagnetic latitude $<56°). When synthesizing the
series SN the contribution of the Earth's main magnetic field was taken into account, and a
normalizing conservative "civilizational" correction was applied, based on population growth and
the number of Universities in Europe. The details of the reconstruction are described in detail in
[Ptitsyna and Demina, 2020]. The number of auroras can serve as a measure of the numerical
characteristics of SA and its variations, as the pattern of auroras reflects the pattern of SA. The
features of this relationship depend on latitude [Siscoe, 1980; Liritiz and Petropoulos, 1987;
Vasquez et al., 2014; Ptitsyna et al., 2017]. For auroral events recorded at middle and low latitudes,
there is a direct correlation between the number of auroras and W' .

Series SN ,was reconstructed based on data on the production of the cosmogenic isotope “C in
tree rings in England and Switzerland (geomagnetic latitude ¢ =~50°—62°) [Usoskin et al., 2021].
This series covers the interval from 971 to 1899. Cosmogenic radionuclides are produced in the
Earth's atmosphere by high-energy particles of galactic cosmic rays. Their atmospheric
concentration depends on the particle flux and the level of SA. When reconstructing SA, the solar
modulation parameter @ is used, which is determined by the heliospheric/solar magnetic field

shielding galactic cosmic rays. The concentration level of radionuclides is also influenced by the



Earth's magnetic field, the changes of which are also taken into account in the work [Usoskin et al.,
2021]. The influence of climatic conditions can introduce a large uncertainty in the assessment of
the transport of cosmic nuclides from the atmosphere to natural archives where they are stored.
Fig. 1.
Both series used in the study are shown in Fig. 1. The reconstructed series SN ,(Fig.1 a ) is
presented in accordance with the work of [Ptitsyna and Demina 2020]. As the series SN .,
reconstructed from #C (Fig.1 b ), we used annual values without smoothing in accordance with the

work of [Usoskin et al., 2021], this series is available on the website (

https://cdsarc.cds.unistra.fr/ftp/J/A+A/649/A141/osn.dat ). Vertical lines mark the grand minima of
Oort, Wolf, Sporer, and Maunder.

In Fig. 1, the difference in amplitudes between SN ,and SN .is noticeable. The smaller
amplitude of the series SN | (proportional to the number of auroras) occurs because its reconstruction
used not all auroral events that occurred on Earth, but only the largest historical auroras visible at
middle and low latitudes. Despite the systematic difference in amplitudes, the general nature of SA
changes over time is clearly visible. In particular, for both series, global decreases and increases in
amplitude (grand minima and prolonged maxima) are well aligned in time. To emphasize the
similarity of these series, we smoothed them with a 40-year moving window and normalized to the
maximum value. The result is shown in Fig. 1 ¢, with a solid line representing the reconstruction
from auroras, and a dashed line representing the reconstruction from »C. The sample size was
chosen so that it did not exceed the time interval of all grand minima. The general nature of the

change in the time series under consideration is beyond doubt.

For the analysis of spectra SN ,and SN . Fourier analysis and wavelet transform were used. The
first has been known for a long time and is widely used in practice, as it allows to identify the main
dominant periods, averaged over the considered time period. In recent decades, wavelet transform
has been widely used for signal analysis [Daubechies, 1992]. The main difference between wavelet
transform and Fourier analysis is that it allows to localize a signal of a given shape and obtain
information about the spectral structure of the signal at individual moments of time and, as a
consequence, about the change in time of the magnitude of periods present in the signal and their
amplitude. In essence, the wavelet transform is a convolution of a given signal with the investigated
time series, which provides the temporal localization of individual spectral components. The given
signal is called the generating function. This function is scaled to different time intervals, and this

gives the dependence of the spectrum on the scale of the generating function, which can be
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converted into periods. Thus, the wavelet spectrum is a matrix that reflects the change in dominant

periodicities over time. For details, see, for example, [Daubechies, 1992].

3. FOURIER ANALYSIS OF THE SERIES SN ,AND SN .

Primary estimates of the spectral composition of the analyzed time series were made based on
the application of the Fourier transform to them. The result of the calculation is shown in Fig. 2 a .
Since the original time series differ in intensity, and, as a consequence, the spectra differ quite
significantly in amplitude, they are shown in different scales. The scale for each spectrum was
chosen for clarity of presentation. The period axis is converted to a logarithmic scale, which allows
for better resolution in the range of variations of interest to us.

Fig. 2.

Figure 2 a shows that the spectra of both series SN ,, SN .are dominated by an 11-year
component and several peaks in the range of Gleissberg cycle periods 7 ~50—120 years, which stand
out sharply in intensity. In addition, individual maxima can be observed in the period range of 25—
50 years, which manifest in the SN ,and SN ,series to varying degrees. However, a clearly defined
peak in this frequency range ( 7'~31.8 years) is present only for the SN ,series. Further, all time
series were passed through a bandpass filter with a bandwidth of 20-55 years. The spectra of the
signals obtained as a result of filtering are shown in Figure 2 b . It was possible to noticeably
redistribute the spectral power to the period range of ~30—40 years. Thus, for the SN ,series, the
intensity increased in the range from 25 to 50 years, with maxima around 35 years becoming clearly
visible: in descending order of intensity 45.7, 26.1, 31.48 years (Figure 2 b ). For the spectrum of
reconstruction SN ,, the band of ~30-year periods was significantly enhanced. In addition to the
dominant peak of 31.8 years, equivalent peaks of 43.75 and 21.88 years are visible.

In the spectrum of the time series of sunspot numbers SN , obtained from observational data
for the last 300-400 years, among the many peaks besides the dominant 11-year one, peaks with
periods 7'=22 and 7 >50 years were found [Petrovay, 2020]. In many works, short-term,
inconsistent periodicities have been found, which differ for different data sets [Kane, 1999]. For
some short intervals, peaks of 31.1, 38.6, and 47 years were found [Kane, 1999; Echer et al., 2004;
Singh and Badruddin, 2014]. Thus, the results obtained in this paragraph for the reconstructed series
do not contradict those obtained for the observational series, and their spectral characteristics allow
us to hope for the identification of 30-40-year cyclicities at least at individual time intervals. For

this, we will further conduct a wavelet analysis of the series SN ,and SN .in the range of scales



corresponding to ~30-40-year periodicities, over a long time interval (1000-1900 years), which will
reveal the variability of these periodicities over time.
4. CYCLICITY ANALYSIS SN, WITH A PERIOD OF 3040 YEARS

4.1. Wavelet Analysis

In the Fourier transform result of the solar activity time series SN ,reconstructed from aurora
borealis, a 30—40-year component is clearly manifested. For a detailed analysis of the temporal
spectrum variation in this range, we applied wavelet analysis. As the generating or basic function,
the Morlet function [Grossman and Morlet, 1984] morl( x ) = exp(- x 2/2)cos(5 x ) was chosen,
which represents a plane wave modulated by a Gaussian. The scales of this basic function are close
in value to periods, which makes it easy to isolate the desired range during integration. Since the

wavelet transform is a convolution of the signal and the generating function

w(a,b) = ﬁf Feow (=)t &

where f'( ¢) is the analyzed signal, a is the wavelet scale, b is the shift, y is the generating function,
by changing the scale, we are effectively changing the period, and the shift provides localization of
this spectral component in time. As a result of calculating the convolution (1), we obtain a matrix of
coefficients. For its visualization, a representation in the form of a contour map of the coefficient
modulus is used. The result obtained for the series SN ,is shown in Fig. 3. Symbols mark the
maxima that we attributed to the 30- and 40-year components. Some of the observed maxima
remained unmarked, as they correspond to periods < 27 years. It appears that these maxima may
reflect the cumulative effect of contributions from changing periods of 30- and 22-year components.
Due to the small difference in frequencies of these components, the band-pass filtering performed
cannot completely separate the contributions of such close periods.

Fig. 3.

Figure 3 shows the stable presence of 30- and 40-year cycles, the period of which changes
over time. It should be noted that in some time intervals (1000-1070 and 1200-1420), two branches
with periods 7',~30 years and 7,~40 years are simultaneously present. The branches of this
variation are also well traced during the grand minima of Oort (1020-1080 ), Wolf (1265-1345)
and Sporer (1400-1540) and long maxima (~1080-1250, ~1350-1400, and ~1550-1625).
Unfortunately, it is not possible to assess the presence of the 30-year cycle during the Maunder

Minimum (1650-1710), as the edge effect is already making an impact here. From 1200, the



branches with periods 7',and 7 ,are in a sort of anti-correlation. We hypothesized that the presence
of such a pattern may be due to the modulation effects of a longer-wave process.

4.2. Modulation

In frequency modulation, the period of the fundamental oscillation changes depending on the
amplitude of the modulator. The main characteristics are the deviation or the maximum deviation of
the frequency (period) of the fundamental oscillation from the average, and the modulation index K ,
which determines the degree of influence of the modulator on the main signal. The concept of
frequency modulation and all its properties are developed for harmonic signals. The main difference
between frequency modulation and amplitude modulation is that in amplitude modulation, the signal
amplitude changes over time with the periodicity determined by the modulator, but not its period,
while in frequency modulation, the opposite occurs - the period changes, but not the amplitude.
Moreover, in the spectra of the resulting signal in both cases, additional combination harmonics
appear. In the case of frequency modulation, their number and amplitude ratio depend on the index
K= Ao/w ,, where Aw — is the maximum deviation, or frequency deviation, and ® ,is the modulator
frequency. The time series we are considering are not harmonic or a sum of harmonic signals. We
assume the presence of quasi-periodic components in these series. And, judging by the change in
individual spectral components in the wavelet spectra, the original signals are subject to both
amplitude (intensity change) and frequency (period change) modulation. In general, in the case of
non-harmonic signals, the influence of the modulator (also non-harmonic) is complex, but earlier in
the work [Ptitsyna and Demina, 2023], we modeled the frequency modulation of the 11-year cycle,
which resulted in a wavelet spectrum that exhibited all the features characteristic of the wavelet
spectrum of the original signal. This allowed us to assume that to test the hypothesis about the role
of frequency modulation in the formation of 30- and 40-year components and to obtain an estimate
of the period of a possible modulator, it is possible to use the basic formulas describing frequency
modulation. If 4 ;and o ,are the amplitude and frequency of the original signal, and ® , is the
frequency of the modulator, then the resulting time dependence will be expressed by the formula

F(t) = Apsin(wot + Awcos(wy,t + @) + @o),

where ¢ ,and @, are the corresponding phases. Then, setting the phases equal to zero, and K= 1 - in
this case, the frequency deviation equals the modulator frequency - we get that the change in the

frequency of the main oscillation can be written as

w(t) = wy + W,, cos Wyt . (2)



From this, we obtain the relationship between the period of the main oscillation 7',, the period
of the modulator 7', and the periods observed in the spectrum 7" ,and 7. For the points of

maximum frequency deviation ( ¢ =0), transitioning to periods, from (2) we get

1 1 1 1 1 1

= = . 3
To T T ' T, Tm T (3)

Obviously, knowing T',and 7,and adding the expressions in (3), we can obtain 7,. However,
for this simple action, it is necessary to know 7' ,and 7 .at the same moment in time and with the
maximum difference between 7' and 7 ., primarily to reduce the influence of errors in determining
each period on the final result. Note that to estimate 7 ,, knowledge of the exact value of the
deviation is not required, since the frequency difference eliminates the dependence on ® ,. There are
few such pairs of points, but they allow us to estimate 7 ,=35+1 years. To obtain an estimate of the
modulator period using formula (3), exact knowledge of the deviation is already required. In our
case, we need a pair of points that have the same time, and the deviation of periods from 7 ,at these
points is maximum. There are no pairs that exactly satisfy these conditions, and using points with
properties close to the required ones causes a significant scatter in the result 7', =188+9 years. Note
that the obtained results are of an estimated nature, since the time series under consideration do not
represent harmonic signals.

Within the hypothesis of modulation of the main oscillation 7' ,by a long-wave signal, a mirror
branch can be constructed for each branch, taking as each branch the periods 7',and 7 ,obtained
from the wavelet spectrum and using formulas (3), while considering the period of the main
oscillation to be known and equal to the above estimate of 35 years. We will further call the
constructed mirror branches the predicted periods. In essence, the periods of the side branches
continuously change synchronously with the amplitude of the modulator, but for brevity, we will
henceforth refer to them as the 30-year and 40-year branches.

Fig. 4.

In Fig. 4, black circles show the change in the period of the 30-year branch, and black
diamonds show the same for the 40-year branch. Based on the period values of the 30-year branch,
the predicted values of the 40-year branch periods were calculated, shown in Fig. 4 as unfilled
diamonds. Conversely, based on the values of the 40-year branch, the predicted 30-year periods
were calculated, shown in Fig. 4 as unfilled circles. It can be seen that some highlighted points differ
significantly from the predicted ones. However, if we look at the position of these spectrum maxima
in Fig. 3, we can notice that these points fall in areas of strong influence of shorter periods on the

30-year ones, i.e., the period values of 27-28 years most likely do not purely relate to the 30-year



branch. It can be assumed that the long-wave ~200-year component modulates not only the 35-year
cycle in frequency and, as we previously obtained [Ptitsyna and Demina, 2022], the Gleissberg
cycle, but the same effect can be expected for the 22-year component. For this component, the
frequency/period deviation in this case would be 2-3 years. And if, by analogy with the 11-year
component, we assume the influence of the Gleissberg cycle, then the deviation could be 7-8 years.
In this case, the spectra of the lower branch of the 35-year and the upper branch of the 22-year
would significantly overlap.

It should be noted that in Fig. 3, the side branches are clearly visible, while the main frequency

=~ 35 years is practically not identified as a separate branch. It must be kept in mind that the
difference between the periods of the main oscillation and the side branches does not exceed 10
years, which, with a period scale step of 1.23 years, creates great difficulties in distinguishing all 3
branches of different amplitudes. However, in Fig. 4, it can be seen that the main frequency is
nevertheless indirectly well manifested in the change of the side branches. The change in the nature
of the variation of the 30- and 40-year branches from growth to decrease (branches converging and
diverging) occurs precisely at period values of ~35 years. This additionally supports the hypothesis
about the nature of the 30- and 40-year branches as a manifestation in the spectrum of frequency
modulation by a long-wave process of the main oscillation with a period of ~35 years.
5. ANALYSIS OF CYCLICITY SN .WITH A PERIOD OF 3040 YEARS

5.1. Wavelet analysis

The same processing stages were applied to the time series SN .as to the series SN ,. The
resulting wavelet spectrum is shown in Fig. 5.

Fig. 5.

The periods identified reflect the general character of the series spectrum SN ., shown above in
Fig. 2. Additionally, Fig. 5 shows the same trends as for the wavelet spectrum of SN ,(Fig. 3). In the
spectrum of SN .there is a stable presence of a 30-40-year variation, consisting of two branches with
periods 7=30 and 7 =40 years throughout the entire time interval (1000-1900), including during
grand minima, such as the Maunder Minimum (1610-1710), and prolonged maxima. However, this
mainly applies to the branch with a 40-year period, as the 30-year cycle is less distinct against the
background of period changes in the 22-year variation band. The growth of the latter's period to 26-
27 years, as was also observed for the SN, series, makes the separation of the increasing 22-year and
decreasing 30-year cycles practically impossible. If we compare the integral intensity of the
spectrum in the bands of 22-27 years ( /) and 28-33 years ( /), then for the time interval 1080-
1180, their ratio is 7./ 1 ,=1.19, and the 30-year branch can be identified, while for the time interval



1750-1850, this ratio is 0.77, and the 30-year branch is not distinguishable. It can also be noted that
the 30- and 40-year branches, as in the spectrum of the SN, series, demonstrate a tendency toward
anti-correlation. However, it is clearly visible that the 40-year component mostly lies above 45
years, while the 30-year component has the greatest intensity in the 27-30 year band, which may be
a direct consequence of the influence of the 22-25-year and 50-60-year components, whose
dominance remained in the spectrum of SN ,even after filtering (Fig. 2). As a result of this influence,
the periods of the 30- and 40-year components obtained from the spectrum may be underestimated
and overestimated, respectively. At the same time, precisely because the 30- and 40-year
components strongly "diverge," periods close to 35 years can be seen in the wavelet spectrum
(marked with asterisks in Fig. 5). According to our hypothesis about frequency modulation, 35 years
is exactly the period of the main oscillation, while 30 and 40 years represent the result of frequency
modulation observed in the spectrum. Only 3 pairs of points belonging to different branches and
suitable for estimating the modulator period were found. The modulator period estimated from them
was 205+53 years. The error is quite significant, but it should be kept in mind that the obtained
estimates are strongly influenced by both the 50-60-year and 20-25-year components.

5.2. Modulation

Let's display the changes in periods on a separate graph and calculate the predicted values of
the 30- and 40-year branches assuming frequency modulation of the 35-year oscillation, as was done
above for the SN ,series. The result is shown in Fig. 6.

Fig. 6.

Comparison of the predicted period values with those obtained from the wavelet spectrum
shows that the greatest difference is observed during periods of maximum influence of 50-60-year
variations (1050-1150, around 1400 and 1700). For these time intervals, the period values in the
spectrum are clearly overestimated.

Our assumption about the nature of the 30- and 40-year oscillations as a result of frequency
modulation of the 35-year component by a long-wave process suggests that for the two time series
under consideration SN ,and SN ,, obtained based on different data, this modulator should have the
same period and phase. Regarding the period, similar values were obtained, practically within the
margin of error ( 7,=188+9 years for the series SN ,and 205+53 years for the series SN ,). As for the
phase characteristic, for comparison, Fig. 7 separately shows the predicted values calculated for the
series SN |, here they are designated as #t for the 30-year branch and as * for the 40-year branch.

Fig. 7.



The density of points for the 4 branches under consideration is not sufficient for their reliable
comparison, but we can identify one time interval each for the 40-year and 30-year branches where
the values of the predicted periods SN ,and SN ., form continuous segments. These time periods are
highlighted by rectangles in Fig. 7. For the 40-year component, the correlation coefficient k£ between
the predicted periods SN ,and SN ,was 0.7. To evaluate the possible shift, the cross-correlation
function (CCF) was calculated. The result is shown in Fig. 8 a . Its maximum was shifted by 10
years, which actually lies within the range of variation of the 40-year component period. For the 30-
year branch, due to gaps and individual sharp deviations, interpolation was performed using
smoothing cubic splines. In the analyzed changes of the predicted 30-year periods, there was a linear
trend that was removed for calculating correlation characteristics. As a result, the calculated
correlation coefficient was k£ =0.4, and the CCF showed a broad maximum at zero with two
additional peaks of almost equal value: 0 and —36 years (Fig. 8 b ). The maximum symmetric to the
latter is poorly expressed and can only be estimated as 40 years. These additional maxima are close
in value to the period of the presumed main oscillation, which indicates the presence of such
periodicity in both time series. In addition to the broad maximum at zero in the CCF of the 30-year
branches, there are two more symmetric maxima, with one of them having the maximum
correlation. These maxima correspond to a shift of £235 years, which indicates the presence of such
a long-wave periodicity in both time dependencies. This fact can be considered as further evidence
supporting the hypothesis that the 30- and 40-year branches are manifestations of frequency
modulation of the main 35-year oscillation by an approximately 200-year long-wave signal.

Fig. 8.

The presented results provide grounds for a hypothesis about the presence of a hierarchical
structure of periodic components in SA, with longer-wave components influencing the generation of
shorter-wave ones, which appears in the spectrum as a result of frequency modulation.

6. DISCUSSION OF RESULTS

Our analysis showed that during the second millennium, 30- and 40-year variations are
consistently present in the spectra of SN ,and SN ., even during the medieval grand maximum and
the grand minima of Oort, Wolf, Spdrer, and Maunder. In general, the time evolution of the periods
of 30- and 40-year variations can be related to frequency modulation by a longer-period process,
namely the Suess cycle ( 7=200 years) of the main oscillation with 7'~ 35 years. As a result, a
three-frequency structure of this variation is formed with periods of side branches varying in the
ranges 7' ,=28 + 35 and 7',=35 + 45 years and the main period 7' ,=35 years. However, the main 35-

year branch is very weakly visible against the background of the side branches for both series. Such



a pattern without the main frequency can be observed under certain ratios of parameters of the
modulated and modulating signals, which is often used in radio engineering practice to reduce the
energy share that falls on the carrier frequency of signals [Gonorovsky, 1977; Connor, 1982;
Baskakov, 2016].

In this context, let's turn to the results of [Ptitsyna and Demina, 2022], which found that the
Gleissberg cycle consists of three distinct branches with periods of 60, 88, and 140 years, with the
formation of these branches occurring as a result of a modulator with a period 7 =200 years, i.e.,
the Suess cycle. From the model calculations conducted by the authors of [Ptitsyna and Demina,
2022], it follows that for a frequency-modulated signal with sufficiently high modulation coefficient
values, the main 88-year period may be significantly smaller in amplitude than the side components,
and at certain points in time it may be practically indistinguishable in the spectrum against their
background. This is how the authors of the study [Ptitsyna and Demina, 2022] explain the fact noted
in many works [Clilverd et al., 2006; McCracken et al., 2013; Svalgaard, 2018] that the 88-year
Gleissberg cycle is poorly traced in the modern era. By analogy with the results of [Ptitsyna and
Demina, 2022; 2023], it can be assumed that due to the properties of frequency modulation, the
main period of ~35 years appears clearly in the spectrum only at certain times throughout the
interval of 1000-1900.

In the paper [Ptitsyna and Demina, 2023], it is shown that variations in the length of the solar
cycle over the past 320 years can be described within a model representing an 11-year oscillation
that undergoes frequency modulation by branches of the Gleissberg cycle (60 and 115 years) with a
time-varying influence of the modulator. That is, in this case, the Gleissberg cycle acts as the
modulator. Thus, we can conclude that in the system of SA variations, there appears to be a
hierarchy of cycles interconnected by modulation effects. In the theory of oscillations and nonlinear
dynamics, it is known that a hierarchical system of oscillators and modulators can synchronize at
certain moments to create a stable rhythmic pattern, and sometimes transform into chaos [Landa,
1997]. The authors of [Feynman and Gabriel, 1990] adhere to the view that the solar dynamo, which
generates SA variations, functions in a chaotic regime. The study [Usoskin et al., 2007] suggests that
the solar dynamo functions in a quasi-periodic regime throughout the extent of SA reconstructions,
except during grand minimum/maximum periods, where the quasi-periodic regime transitions to a
state of chaos. In contrast to these conclusions, our results showing that on a millennial scale in SN
series, even during grand minimum/maximum periods, stable 30- and 40-year variations are
observed, whose periods undergo changes according to the laws of frequency modulation, indicate

much greater regularity in SA variations and, thus, in the functioning of the solar dynamo. The



results of this article, taking into account the aforementioned conclusions of works [Ptitsyna and
Demina, 2022; 2023], allow us to say that the solar dynamo mainly functions in a quasi-periodic
regime. This conclusion is consistent with the opinion of the authors of the work [Peristykh and
Damon, 2003], who believe that their finding of a stable 88-year cycle over a time interval of
~11000 years does not support the idea of quasi-chaotic behavior of solar processes on scales longer
than 11 years.

Despite the fact that both series SN ,and SN .exhibit similar stable variation with a visible
predominance of two branches with periods 7', =~ 30 and 7" ,=~40 years, the branches themselves,
constructed for the series SN ,and SN ., and predicted as a result of frequency modulation differ
from each other. The correlation coefficients between the predicted changes in periods of SN ,and
SN . for the 40-year branch was k£ =0.7, and for the 30-year branch k£ =0.4. We believe that this
difference in spectra is due to the difference in the methods of data reconstruction for SN ,and SN ..
These reconstructions of SN are based on obtained ground data (number of auroras for SN ,and
concentration of +C in tree rings for S N,), reflecting changes in geomagnetic and heliospheric
activity, which, in turn, are related to changes in SA and, accordingly, to solar magnetic fields.

Traditionally, it is considered that geomagnetic disturbances have two different sources in
interplanetary space and on the Sun [Simon and Legrand, 1989; Gonzalez et al., 1994; Tsurutani et
al., 2006; Vasquez et al., 2014]: a ) transient coronal mass ejections CME mainly from regions with
closed field lines, such as active regions and spots; CME initiate magnetic storms with sudden
commencement and b ) recurrent high-speed streams CIR from coronal holes, which are
characterized by open magnetic fields; CIR initiate magnetic storms with gradual onset [Borovsky
and Denton , 2006; Obridko et al., 2013; Gopalswamy, 2022]. In fact, the topology of magnetic
fields in CME can be more complex. CME with open field lines have been detected, and even such
CME where both closed and open fields were present [Bothmer et al., 1996; Davies et al., 2023].

Coronal mass ejections, CME , are typically associated with flare activity, therefore the
maximum number of such transient events occurs during solar cycle maxima [Webb et al., 2001].
Corotating solar wind streams CIR from coronal holes dominate on the descending branch and
during solar activity minima [Valchuk et al., 1978; Simon and Legrand, 1989].

In cases where historical auroras serve as indirect data on solar activity, these must be events
that have significant visible brightness and extend to middle and low latitudes. This is a necessary
condition for such events in distant epochs to have been noticed by a sufficiently large number of
people and recorded in historical chronicles. It is precisely these very intense auroras, visible at

middle and low latitudes, that are caused by very intense magnetic storms with sudden



commencement, superstorms, the source of which are CME [Borovsky and Denton, 2006]. In the
works [Meng et al., 2019; Cliver et al., 2022], it was found that the solar sources of very intense
storms (storm index Dst <200 nT) are exclusively CME from large active regions located close to
the Sun's equator. Thus, SN reflects the number of precisely such active regions and is associated
with local closed magnetic fields.

Data SN .are based on the reconstruction of CR variations obtained from *C archives in tree
rings. Plasma clouds coming from the Sun fill the heliosphere and serve as a magnetic shield for
galactic CRs, thereby hindering their arrival to Earth. Therefore, there is an inverse correlation with
W/SN . For CRs, an 11-year cycle is also visible, but its maxima are somewhat shifted compared to
the maxima of Wolf numbers. This is due to the significant influence of global large-scale fields on
the heliosphere, the variation of which is phase-shifted relative to the Wolf number cycle [Obridko
and Nagovitsyn, 2017]. In the case when indirect data on SA are based on accounting for the
relationship between CR flux and »C concentration in tree rings, the integral influence on the
heliosphere and magnetosphere of SA changes is taken into account, which are determined by
changes in both local and global solar magnetic fields. The Sun's magnetic field demonstrates a
unified organization. Local closed and large-scale open magnetic fields are interconnected, and there
are reasons to believe that at different phases of the cycle they can transform into each other
[Obridko and Nagovitsyn, 2017]. Therefore, in the spectra of SN ,and SN ,both common trends and
some differences are revealed, which may be caused by greater or lesser contributions of different
types of magnetic fields to the series SN ,and SN .at a certain point in time.

7. CONCLUSION

In this work, a spectral analysis of sunspot number series in the range of periods greater than
the Hale magnetic cycle (~22 years) and less than the Gleissberg cycle (50-120 years) on the scale
of the last millennium (1000-1900) was conducted. For the study, reconstructions based on the
number of low-latitude auroras SN ,and the concentration of #C in tree rings SN ,were used. It was
found that in the spectra of SN ,and SN ,two stable variations with periods of ~30 and ~40 years are
observed, and such cyclicity is present even during the grand minima of Oort, Wolf, Spdrer, and
Maunder, as well as during prolonged maxima. The source of this variation is frequency modulation
by a longer-wave process, namely the approximately two-hundred-year Suess cycle ( 7°,=188+9
years for the series SNV ,and 205+53 years for the series SN ,) of the main oscillation with a period of
T ,=35+1 years. As a result, a three-frequency structure is formed with a main period of ~35 years
and side branches with periods of ~30 and ~40 years. The main frequency is poorly distinguished

against the background of the side branches. However, our analysis showed that, nevertheless, the



carrier frequency significantly manifests itself in the spectrum. This makes it possible to consider
that the oscillation with a period of 35 years may be a solar source of the Briickner climate cycle.

Our results suggest that in solar activity there exists a hierarchy of cycles connected by
modulation effects: longer-wave cycles influence the generation of short-wave ones. Such a
hierarchical system of oscillators and modulators may be responsible for creating a stable rhythmic
structure in solar activity with a main period of ~35 years.

The conclusions of our study are drawn from the examination of spectra of two series of
completely independent data SN ,and SN ., which increases confidence in the obtained results. Some
difference observed in the changes of 30- and 40-year components in the spectra of series SN ,and
SN ,in 1000-1900 may be due to differences in the methods of data reconstruction for these series.
The reconstruction of SN reflects variations of closed solar magnetic fields, while SN ,reflects both
closed and open fields. The Sun's magnetic field functions as a unified system that includes all types
of fields, therefore the results of our analysis of SN ,and SN .demonstrate the same general trends,
and the difference in the obtained spectra may be related to the greater or lesser contribution of

different types of magnetic fields to the series SN ,and SN ..
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FIGURE CAPTIONS

Fig. 1. Reconstructed series of solar activity. ( a ) — series SN ,based on auroras, ( b ) — series *
C SN .; ( ¢ ) — smoothed and normalized series: solid line shows series SN ,, dashed line — series SV,
. Grand minima are marked with vertical lines.

Fig. 2. Spectra of the analyzed time series before ( @ ) and after filtration ( b ).

Fig. 3. Wavelet spectrum of the time series SN ,. Contour lines represent the modulus of
wavelet coefficients, circles indicate maxima of the 30-year component, diamonds indicate maxima
of the 40-year component.

Fig. 4. Change in the period of 30-40-year components found from the wavelet spectrum of
SN and predicted within the hypothesis of long-wave signal modulation. Circles denote periods of
the 30-year component, diamonds — the 40-year component, filled symbols — obtained from the
wavelet spectrum, unfilled symbols — predicted.

Fig. 5. Wavelet spectrum of the time series SN .. The symbols are the same as in Fig. 3, the

main oscillation period with a period of 7'=35+1 years is marked with asterisks.


https://doi.org/10.1016/j.jastp.2020.105295
https://doi.org/10.1029/GM125p0123

Fig. 6. Change in the period of 30- and 40-year components found from the wavelet spectrum
spectrumSN .and predicted within the framework of the hypothesis of modulation by a long-wave
signal. The symbols are the same as in Fig. 4.

Fig. 7. Comparison of the predicted branches of the 35-year main oscillation from wavelet
spectra spectraSN ;and SN .. Symbols O denote the predicted periods of the 30-year branch of SN .,
symbols < — the same for the 40-year branch, # — the same for the 30-year and # — 40-year branch
of SN ..

Fig. 8. Cross-correlation functions of the 40-year ( @ ) and 30-year ( b ) spectral components in

SN ,and SN ,. Arrows mark the maxima discussed in the text.
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