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Abstract. Several basic models of frequency dynamics in quasi-periodic VLF emissions with spectral
form repetition periods from 10 to 300 s are considered. In all cases, we are talking about
manifestations of cyclotron instability of electron radiation belts, which are well described within the
framework of the plasma magnetospheric maser theory based on the averaged self-consistent system
of quasi-linear equations for waves and particles. Not so clear spectral fragments are characteristic of
QP 1 bursts, which are hisses with resonant modulation predominantly near the upper spectral band
by geomagnetic pulsations of the Pc 3-4 range. Analysis of the general problem of equilibrium in
radiation belts shows the possibility of its instability, which is caused by the difference in the pitch-
angle dependences of the particle source power and the stationary distribution function. In the
nonlinear regime of this instability, QP 2 emissions are formed, usually with a clear increase in
frequencies in individual spectral fragments. The main focus of this work was to study QP 2 emissions
with significant frequency dynamics. In this case, new possibilities for diagnosing of space plasma
are being revealed and the conditions for generating frequently observed mysterious quasi-periodic
radiation with large and very fast dynamics of the frequency spectrum, which can be represented as
a product of functions that depend on time and frequency, are being established. The study of
important details of the excitation of quasi-periodic VLF emissions with significant frequency
dynamics inside the plasmasphere has interesting prospects for further research, and the already
achieved level of understanding of magnetospheric processes has a real diagnostic potential.
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1. INTRODUCTION

In many cases, conditions characteristic of plasma magnetospheric maser (PMM) operation
are observed in electron radiation belts inside the plasmasphere for electromagnetic VLF emissions.
The relatively dense magnetized plasma and the ends of the magnetic trap form a resonator for VLF
electromagnetic waves. Energetic electrons with energies of about 40 keV serve as the active
substance. The particle source acts as a pump, and the population inversion associated with the natural
transverse anisotropy of the distribution function of energetic electrons in the presence of a loss cone
provides cyclotron instability (CI) of electromagnetic waves [Bespalov and Trakhtengerz, 1986].

Often in the morning and afternoon subauroral magnetosphere, the PMM is a high-quietness

oscillating system with an intrinsic frequency €2,. The presence of the PMM natural frequency

corresponding to periodic processes of accumulation of energetic particles in radiation belts and their
ejection into the ionosphere during bursts of electromagnetic radiation is the primary cause of
quasiperiodic electromagnetic VLF emissions with periods of repetition of spectral forms of 10-300
s [Bespalov and Trakhtengerets, 1976].

These so-called quasi-periodic (QP) emissions are usually observed in the morning and
afternoon sectors of the inner magnetosphere at frequencies of several kilohertz and have a recurrence
period of spectral shapes from ten seconds to several minutes (see, e.g., [Sato and Kokubun, 1980;
Smith et al., 1998; Engebretson et al., 2004; Nemec et al., 2016a,b]). They are recorded both by the
DEMETER, CLUSTER, VanAllenprobes, and THEMIS spacecraft (see, e.g., [Hayosh et al., 2014;
Titova et al., 2015]), by ground-based observations (see, e.g., [Smith et al., 1991; Manninen et al.,
2012; Manninen et al., 2013]), and by simultaneous space and ground-based data (see, e.g.,
[Bezdekova et al., 2020]).

In many cases, observations show the simultaneous appearance of modulated noise emissions,
geomagnetic pulsations, and particle precipitations in conjugate regions of the ionosphere (see, e.g.,
[Raspopov and Kleimenova, 1977]). Such properties are characteristic of QP1-radiations, probably,
caused by changes in the CN increment by geomagnetic compression pulsations.

Along with those described above, QP2-radiations with clearly repeating spectral forms, mostly
not accompanied by geomagnetic pulsations, have been observed [Sato et al., 1977; Sato and
Kokubun, 1980; Sato and Fikunishi, 1981]. The nature of such radiations is related to the instability
of the stationary state of radiation belts [Bespalov, 1981] and the development of the auto-oscillatory
process in them [Bespalov, 1982]. Many important questions of the theory of formation of
quasiperiodic radiations have been investigated for conditions guaranteeing small frequency
dynamics of radiations.

The purpose of this work is to study the conditions of excitation of quasi-periodic VLF

emissions with significant frequency dynamics inside the plasmasphere. In doing so, new possibilities
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of space plasma diagnostics are elucidated, and the conditions of generation of frequently observed
quasi-periodic emissions with large and very fast dynamics of the frequency spectrum are established.

Section 2 summarizes the initial equations of the PMM theory. Section 3 briefly summarizes
the results on the spectrum dynamics of quasi-periodic VLF emissions. Section 4 discusses the reason
for the dynamics of the wave spectrum in a single burst of QP emissions. Section 5 discusses the
excitation conditions of quasi-periodic VLF emissions, whose spectral shapes can be represented as
a product of time-dependent and frequency-dependent functions. Section 6 summarizes the results of

the paper.

2. INITIAL EQUATIONS OF THE THEORY UNDER WEAK PITCH-ANGLE DIFFUSION

The plasmonic magnetospheric maser (PMM) is a quasi-closed subsystem of the
magnetosphere in which the resonant interaction of radiation belt electrons with whistler-band
electromagnetic waves is realized. Inside the plasmasphere, the conditions are met under which the
effective interaction of radiation belt electrons with electromagnetic waves of the whistling range at
cyclotron resonance is possible

o—kV, =0, (1)

where ® and k; are the frequency and longitudinal (along the magnetic field) component of the wave

vector of the electromagnetic wave, V| and ®, are the longitudinal velocity and gyrofrequency of

the electron.
The CN dynamics of electron radiation belts is well described in the framework of PMM theory.

To describe relatively slow processes with a characteristic time scale At >>7, > T, one can use a

system of quasilinear equations averaged over the period of bounce oscillations of energetic electrons

between magnetic plugs7, and over the period of group propagation, between magnetically

conjugate regions of the ionosphere, and having the following form [Bespalov and Trakhtengerz,

1986]:

oF [T A F
oe 2 oo
at‘” =Fg(r—|lnR|)gw =[.([;|- FddeJSw —VE, . (2b)

Here F(t,z,V) is the averaged distribution function of energetic electrons in the magnetic field tube,

J(z,V) is the power of the energetic particle source, ‘E(V) is the particle loss time due to collisions



and transport, x =V, /V is the sine of the equatorial pitch angle of the particle, ¢ (t) is the spectral
energy density of whistler waves, I' is the averaged gain of whistler waves during a single passage

of the radiation belt, v (03) =2 |lnR| /T, - decrement of attenuation due to all factors, R ((;0) - effective

coefficient of reflection from the ionosphere from above,ﬁ(x,V,m) andl&( x,V,») - known

differential diffusion operator in the space of adiabatic invariants and the operator of whistler wave

amplification at a single passage of the radiation belt, x, - boundary of the loss cone, which at weak

pitch-angle diffusion is practically empty. The efficiency of the CN depends weakly on the angle of
the wave normal with respect to the magnetic field up to angles of the order of 8 =~ 30° . Equation
(2a) describes the pitch-angle and velocity modulus diffusion of energetic electrons due to wave

interactions, and Equation (2b) is the averaged transport equation with averaged CN increment for

electromagnetic waves. The differential operators, D K have a rather complicated form (see, e.g.,
[Bespalov and Trakhtengerts, 1986; Trakhtengerts and Rycroft, 2008]). Therefore, the question of the
dynamics of the wave spectrum is not a simple one. Even in the stationary state of radiation belts,
there are almost no results about the wave spectra and energy distributions of particles at the CH

threshold.

3. SOME RESULTS OF THE ANALYSIS OF THE DYNAMICS OF THE SPECTRUM OF
QUASIPERIODIC ONCH RADIATIONS
Many theoretical results about the dynamics of CNs were obtained without taking into account
oV’
2 2

BL ¢

[Bespalov, 1981]. Then, if the condition 1<B.(1-7,/7, ), in which T,/T, - characterizes the

>1

the frequency dynamics. It can be reasonably done, for example, if the parameter P. =

anisotropy of the distribution function of energetic electrons in the generation region, is fulfilled, the

wave spectrum is localized near frequency

~ @BL

and does not experience significant dynamics.

For a suitable power of energetic electron sources in a magnetic field tube with a large spread
in the longitudinal velocity at the magnetic equator, the model with a step on the distribution function,
which was proposed in [Bespalov and Trakhtengerz, 1980], shows good results in explaining the
properties of VLF bursts evolving relatively slowly toward high frequencies.

A comparison of the geomagnetic pulsation spectra and envelope spectra at the realization of

QP 1 VLF emissions in the PMM, carried out in the review [Bespalov and Kleimenova, 1989],
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confirmed the conclusions about the presence, at the realization of the developed CN in the morning

and daytime magnetosphere, of highhquency oscillations with frequency

A%
o] o

Tl = o (5)

where N is the average content of energetic electrons in the magnetic field tube, S is the average flux
of particles ejected from the tube into one of the two conjugate regions of the ionosphere.

Useful results are obtained from numerical calculations of spectra within the perturbation
method and from processing observational data on quasi-periodic VLF emissions [Pasmanik et al.,
2019].

In the next section, we move from summarizing the necessary basics to discussing new advances

in the study of quasi-periodic emissions with significant frequency dynamics.

4. THE CAUSE OF THE WAVE SPECTRUM DYNAMICS IN A SINGLE BURST OF QP-
RADIATION
There is an intrinsic reason for the dynamics of the wave spectrum in the system of equations (1).
Let us consider qualitatively the dynamics of the frequency spectrum under the conditions of the
quasiperiodic QP2 mode not associated with geomagnetic pulsations. The analysis of the properties

of the averaged cyclotron amplification coefficient of whistler waves at a single passage of the

radiation belt F(m,F ), which is included in equation (2b) and its structure is explained in the

Appendix, is quite useful. Two frequency dependences I'(®,.J) and I'(®, F,) turn out to be the most

important. The mutual position of the maxima of these dependences determines the direction of
frequency change within an electromagnetic pulse. To clarify the physical meaning of this statement,

let us consider the initial stage of accumulation of energetic electrons in a magnetic trap under initial

conditions when the spectral energy density is at the noise level ¢ (tzO):s*, and there are
practically no particles in the magnetic trap F(t = 0) = 0 . In such a case, according to the initial
equations (2), the distribution function will grow according to a linear law

F=J-t. (6)
Accordingly, at this stage the gain has the following form T'(w,F = J -¢) =T'(»,J) and according

to equation (2b)



€, =& exp{T ém) (tzr(m,J)—2t|lnR((o)|)J (7)

the maximum of the spectral energy density as the particles accumulate will be determined by

frequency maximum of the function I'(®,J) /T, ().

At further accumulation of particles the diffusion in the space of adiabatic invariants is switched
on, and the maximum of the spectrum of waves shifts closer to the maximum of the spectrum in the

stationary state. The stationary state of the system of waves and particles is determined by the

averaged quasi-linear equations (2), which at % =0 have a solution for the distribution function
t

F=F, (x, V) and the spectral energy density of waves ¢, = ¢, , corresponding to the gain F((D,FO)

. At realization of the quasi-periodic regime the system does not reach the stationary state, particles
fall out of the magnetic trap and the process of particle accumulation starts again. The frequencies
corresponding to the maximum of the spectral wave energy density are largely determined by the
anisotropy of the pitch-angle distribution function. The higher the anisotropy, the higher the
frequency. Therefore, at the initial stage, the wave spectrum is determined by the angular dependence

of the source, and closer to the maximum of the electromagnetic radiation burst, is determined by the

distribution function £, in the steady state. As a result, the frequency of electromagnetic radiation

increases within an individual burst if the power of the particle source has a less pronounced pitch-
angle dependence than the steady-state distribution.

Usually, when realizing QP2-type radiations, there is often a change in the average frequency
of radiation, from which one can infer the angular dependence of the particle source power. If within
the electromagnetic burst the frequency of radiation increases, it indicates that the power of the
particle source is more isotropic than it could be in the steady state, if the frequency drops, the particle

source has high anisotropy.

5. DYNAMICAL SPECTRA OF QP2-RADIATIONS WHOSE SPECTRAL SHAPES CAN BE
REPRESENTED AS A PRODUCT OF TIME-DEPENDENT AND FREQUENCY-DEPENDENT
FUNCTIONS

In addition to those already mentioned, there are often QP2-radiations for which the spectral
shapes (logarithm of the spectral energy density of the waves) can be represented as a function with

separating variables
ln(gm (t)):ln(s(t))A((o), (8)
where the functionA (0)) , characterizing the frequency dependence, can be normalized without
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restriction of generality by the condition I A d o =1 . Fig. /a and Fig. 2a show two typical examples

of dynamic spectra of quasi-periodic emissions, which show elements with large and almost synchronous
variation at different frequencies with a period of about one minute. Synchrony is understood here in the
sense that the logarithm of the spectral energy density at different frequencies has the same time
dependence. In both cases, the electromagnetic emissions were observed during daytime hours local time.
The panels of Fig. /b, c and Fig. 2b, ¢ show on-board magnetometer data and plasma concentration data
indicating observations inside the plasmasphere. We note that waveguide propagation is not required
for the realization of QP2 emissions. This conclusion of the theory is supported by known data from
simultaneous observations on several spacecraft (see, e.g., [Li et al., 2021]).

Fig. 1.

Fig. 2.

5.1 Three conditions for the realization of quasiperiodic QP2 emissions, whose spectral shapes can
be represented as a product of functions depending on time and on frequency

First, periodic oscillations in the PMM with a frequency close to (4) can be realized at certain
values of the source powers of energetic particles. For example, in the evening sector of the
magnetosphere, the power of the sources can be insufficient to reach the CH threshold. In the night sector
of the magnetosphere, on the contrary, the power is excessively large. In such a case, the amplification of
electromagnetic waves is large and the wave energy density adjusts very quickly to the stationary level,
and the excitation of quasi-periodic radiations does not occur. The optimum value of the power of particle
sources usually occurs in the daytime and morning sectors of the magnetosphere, where the condition is

met [Bespalov, 1982].
o 1
(H dedVJ 9)
0

which shows that the oscillatory modes of the CN take place only at a suitable dependence of the particle
source power on the pitch angle and velocity.

Second, for self-excitation of QP2 emissions, the particle source power must have a suitable
dependence on the pitch angle and energy corresponding to the instability of the stationary state. It was

once shown [Bespalov P.A., 1981] that this is possible because of the functional difference between the
particle source power J (x, V) and the steady-state distribution function F; (x, V) . Calculations based

on the analysis of the system of equations (2) showed that the characteristic equation of small oscillations

near the stationary state has the form
A+ QA +2Q%y, =0. (10)
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and specific examples of pitch-angle dependence of particle sources were given, at which the solution of
the characteristic equation (10) has the form A =%iQ), +v, , where y, >0, and the possibility of
realization of auto-oscillatory processes for specific PMM parameters was substantiated. Note that
the formula for calculating the value v, is given in [Bespalov, 1982].

Third, there should be a certain frequency dependence of the reflection coefficient from the
ionosphere above. Let us assume that a developed periodic mode is realized. Then, at a suitable time

origin, the distribution function in the interval between electromagnetic pulses grows proportionally to

time, repeating the angular dependence of the particle source power F' =.J (K, V)t . The spectral density

of electromagnetic waves satisfies the averaged transport equation (2b), which can be written as

oL,
5—1(71n(ew(t))j:r-|1n1e| (11)

and integrate in (11) over the period 7' (), which may depend on frequency

_ 2[InR ()

o) (12)

T (o)
For QP2 radiations, the spectral forms of which can be represented as a product of functions depending
on time and on frequency, the period (12) does not depend on frequency and it is possible at the same
frequency dependence of the reflection coefficient of whistler waves from the ionosphere from above and
the averaged coefficient of cyclotron amplification of whistler waves at a single passage of the
radiation belt, in which the power of sources of energetic electrons in the magnetic field tube is

substituted instead of the distribution function.

6. CONCLUSION

Thus, the significant frequency dynamics in quasi-periodic VLF emissions is determined by
several factors:
- The frequency dependence of the attenuation decrement of whistler waves in the magnetospheric
resonator, determined by the ionospheric overhead reflection coefficient;
- frequency dependence of the wave spectrum in the PMM stationary state;
- the frequency dependence of the averaged gain, in which the power of energetic electron sources
in the magnetic field tube is substituted instead of the distribution function;
- the presence of waveguides for whistling waves and other factors affecting the reflection
coefficient of electromagnetic waves from the ionosphere from above.

The study of the details of excitation of quasi-periodic VLF emissions with significant

frequency dynamics within the plasmasphere has interesting prospects for further research, and the
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level of understanding of magnetospheric processes already achieved has important diagnostic

potential.

APPENDIX
STRUCTURE OF THE AVERAGED AMPLIFICATION FACTOR OF WHISTLER WAVES

The averaged cyclotron amplification factor of whistler waves at a single passage of the

radiation belt in equation (2b) I (oa,F ) has the following form:

1 o 1 .
F:ETguJ Fddej. (P1)
In this expression, the differential operator is under the integrals
5 0 ® 0
K=G(o,x,V)| (Vx)——+| 2L —x* |=|. P2
ol e

The differential operator (P2) acts on the averaged distribution function of energetic electrons

F(t,x,V) in the magnetic field tube, which is normalized by the condition
o 1
216 j j FT,VxdxdV =N , (P3)
0 x,

where N is the content of energetic electrons in the magnetic field tube with unit cross section at the

ionospheric level, x, =6, 6 =B, / B, is the slug ratio. The differential operator includes the still
known non-negative function G(co, x,V) , a specific expression for which is given, for example, in

[Bespalov and Trakhtengerz, 1986].
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FIGURE CAPTIONS

Fig. 1. (a)-Dynamic power density spectrum (PDS) of quasi-periodic VLF emissions from the Van
Allen Probe A spacecraft data for the 29.07.2015 event at magnetic shells L =2.9-4.2 in the local
time range LT = 12:45-14:25. (b)-Data from the onboard magnetometer. (c)-Data on plasma

concentration.

Fig. 2. (a)-Dynamic power density spectrum (PDS) of quasi-periodic VLF emissions from Van
Allen Probe A spacecraft data for the event on 30.06.2017 at magnetic shells L=2.8-4.7 in the local
time range LT = 10:30-12:30. (b)-Data from the onboard magnetometer. (c)-Plasma concentration

data.
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